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FLUTTER I N  PROPELLER . .  BLADES* 
By F r i e d r i c h  Seewald 
F o r  s e v e r a l  y e a r s  t h e  problem o f  f l u t t e r  i n  p r o p e l l e r  
b l a d e s  h a s  grown i n c r e a s i n g l y  i m p o r t a n t ,  due t o  t h e  i n -  
c r e a s i n g  number of p r o p e l l e r  b r e a k s  which c o u l d  n o t  be sat-  
i s f a c t o r i l y  e x p l a i n e d .  Even a f t e r  i t  w a s  d e c i d e d  t h a t  t h e  
o x c e s s i v o  ' s t r e s s i n g  w a s  produced by v i b r a t i o n s ,  t h i s  d i d  
n o t  h e l p  inach, so l o n g  as no  means w a s  f ound  t o  p r e v e n t  
t h e  v i b r a t i o n s .  No g e n e r a l  s o l u t i o n  of t h i s  problem h a s  
y e t  been found.  A b e g i n n i n g  h a s  bocn mado, however ,  and I 
w i l l  now ondeavor t o  s e t  f o r t h  t h e  p r e s e n t  s t a tus  of t h e  
problem. * * 
S i n c e  t b e  phenomena of f l u t t e r  i n  p r o p e l l e r  b l a d e s  
have  n o t  h i t h e r t o  been s u s c e p t i b l e  o f  a c c u r a t e  experimen- 
t a l  d e t e r m i n a t i o n ,  s u f f i c i e n t  d a t a  a r e  n o t  y e t  a v a i l a b l e  
t o  d e t e r m i n e  t h e  n a t u r e  and s t i l l  l e s s  t h e  c a u s e  of t h e  
v i b r a t i o n s .  A l l  t h a t  can b e  done i s  t o  c o n s i d e r  what k i n d s  
o f  v i b r a t i o n  a r e  p o s s i b l e  and what c a u s e s  migh t  p roduce  
them, Thoro are t w o  f u n d a m e n t a l l y  d i f f o r e n t  p o s s i b i l i t i e s ,  
namely: 
1, Combined v i b r a t i o n s  of  the  b l a d e , '  s imilar  t o  t h o s e  
of w i n g s ,  which d e v e l o p  by a b s o r b i n g  e n e r g y  f r o m  t h e  a i r  
s t r e a m  and c o n v e r t i n g  i t  i n t o  v l b r a t i o n s  w i t h o u t  t h e  a i d  of 
any p e r i o d i c  e x t e r n a l  d i s t u r b a n c e .  
2, Fo rced  v i b r a t i o n s ,  which are p roduced  i n  e v e r y  
s t r u c t u r e  by p e r i o d i c a l l y  v a r i a b l e  i m p u l s e s .  Such v i b r a -  
t i o n s  a r e  e s p e c i a l l y  dange rous ,  when t h e  d i s t u r b i n g  i m -  
p u l s e s ,  which c a u s e  them, have a f r e q u e n c y  oqual or n e a r l y  
e q u a l  t o  t h e  na tura l  f roquency  o f  t h e  sys tem.  
*"Ueber d i e  Schwingungserscheinungen an  Luf t sch rauben .  It 
From Z e i t s c h r i f t  f i r  F l u g t e c h n i k  und M o t o r l u f t s c h i f f a h r t ,  
J u n e  29 ,  1 9 3 1 ,  pp.  369-374. 
**An e x h a u s t i v e  p r e s e n t a t i o n  of some of  t h e  q u e s t i o n s  u n d e r  
c o n s i d e r a t i o n  h a s  a l r e a d y  been p u b l i s h e d .  See F .  L i e b e r s ,  
"Re sonanz schwinguagen von Luf t s c h r  auben . I t  18  2 D . V . L . Re- 
po,r t  i n  L u f t f a h r t f o r s c h u n g ,  ,,1930, pp. 137-152,  and D . V . L .  
(Deuts.che V e r s u c h s a n s t a l t  f u r  Luf f f  a h r t )  Ysarbook,  1930., 
pp. 79-94. 
2 , K . A . C . A .  T e c n n i c a l  biemorand.um Xo. 642 
1, Combined T o r s i o n a l  and Bending V i b r a t i o n s  
We a r e  of t h e  o p i n i o n  tha t  t h e  f i r s t - n a m e d  k i n d  of v i -  
b r a t i o n  does n o t  a i? fec t  p r o p e l l e r s  as now made, and I w i l l  
b r i e f l y  e x p l a i n  t h e  r e a s o n .  7 e - w i 1 1  f i r s t  r e f e r  t o  t h e  
r e s u l t  o f  an  i n v e s t i g a t i o n  by Birnbaum, which i n d i c a t e s  
t h a t ,  i n  p r o p e l l e r - b l a d o  v i b r a t i o n s ,  ene rgy  i s  t r a n s f e r r o d  
from tho a . i r  s t r eam t o  t h o  v i b r a t i o n s  o n l y  when i t  h a s  two 
dogr scs  of frocdom, t o r s i o n a l  and bending ,  Accord ing  t o  
Birnbaum, n e i t h e r  a p u r e l y  t o r s i o n a l  n o r  e. p u r e l y  bonding  
v i b r a t i o n  can  bo i n c r e a s e d  by t h o  aorodynarnic f o r c e s ,  bu t  
combined v i b r a t i o n s  h a v i n g  b o t h  t o r s i o n a l  and bending  com- 
ponen t s  , p r o b a b l y  can  be. 
Tho n n t u r e  of s u c h  combined v i b r a t i o n s  i n  a wing has 
bcon e x p l n i n o d  i n  p r e v i o u s  r e p o r t s , *  and is '  f u n d a m e n t a l l y  
as f o l l o w s .  Then a wing ,  which i s  r i g i d l y  s e c u r e d  a t  one 
end ,  i s  s u b j e c t e d  t o , i m p a c t s ,  a v i b r a t i o n  i n  two compo- 
nents i s  u s u a l l y  deve loped , .  namely,  that  of bond ing ,  i n  
which t h e  i n d i v i d u a l  p r o f i l e s  move p e r p e n d i c u l a r l y  t o  t h e  
wiiig chord ,  and t o r s i o n  about  t h e  l o n g i t u d i n a l  a x i s .  The re  
a r e  a l s o  bend ing  v i b r a t i o n s  i n  a p l a n e  a p p r o x i m a t e l y  p a r -  
a l l e l  t o  t h e  lower  s i d e  of t h e  wing. In t h i s  p l a n e  t h e  
n a t u r a l  f r e q u e n c y  o f  t h e  wing i s  s o  g r e a t  o r  (what amounts 
t o  t h e  same t h i n g )  t h e  wing i s  s o  r i g i d  t h a t  t h e  a m p l i t u d e  
o f  t h i s  v i b r a t i o n  i s  v e r y  small i n  compar ison  w i t h  tlie 
o t h e r  components. The l a t t e r  components w i l l  b e  d i s r e g a r d -  
od at tho  o u t s o t .  The o t h e r  t w o  components u s u a l l y  occur  
t o g e t h e r .  Evon i f  o n l y  one component i s  p r e s e n t  at f i r s t ,  
i t  s c o n  d e v e l o p s  t h e  o t h e r .  
The f a c t  t h a t  one v i b r a t i o n  component d e v e l o p s  t h e  
o t h e r  i s  p r i n c i p a l l y  due t o  t h e  e f f e c t  o f  i n e r t i a .  I n  o r -  
d e r  t o  i l l u s t r a t e  t h i s ,  we w i l l  imag ine  a wing  s o  con- 
s t r u c t e d  t h a t  t h e  s p a r  o r  s p a r s  a r e  r e p l a c e d  by a s t e e l  
t u b e ,  on which  t h e  i n d i v i d u a l  wing  s e c t i o n s  r o t a t o  w i t h o u t  
f r i c t i o n .  I n  o r d e r  t o  o b t a i n  t o r s i o n a l  r i g i d i t y ,  imagino 
those s e c t i o n s  connec ted  w i t h  t h e  t u b e  by s p r i n g s ,  s o  t h a t  
when a s e c t i o n  i s  r o t a t e d  about  t h e  t u b e ,  a c e r t a i n  elas- 
t i c  moment i s  produced .  
We w i l l  now imag ine  t h e  mass o f  each  s e c t i o n  t o  be s o  
d i s t r i b u t e d  tha t  i t s  C.G.. i s  i n  t h e  a x i s  of s a i d  tube .  I f  
bonding v i b r a t i o n s  a r e  t h e n  i m p a r t e d  t o  t h o  t u b e  r e p r e s e n t -  
i n g  t h o  s p a r ,  t h o r e  w i l l  bo n o  r e l a t i v e  d i s t o r t i o n  o f  t h e  
*Ha B l e x k  a n d  F. L i e b s r s ,  "Tlkgelschwingungen von f r e i t r a -  
genden Xindeckern."  8 0 t h  C . V . L .  r e p o r t  i n  L u f t f a h r t f o r -  
schung,  1928 ,  pp. 1-17 m d  D . V . L .  Yearbook, 1 9 2 8 ,  pp. 63-79 .  
----- ---_c--- -- -__- _--- ------- - -  _ -  
. 
N.A.C .A.  T e c h n i c a l  ldemorandufn NQ., 542 3 
. .  
i n d i v i d u a l  s e c t i o n s ,  b u t  they w i l l  s h a r e  i n  t h e  e l a s t i c  
v i b r a t i o n  of t h e  t u b e  s o  as t o  move back and f o r t h  p a r a l -  
l e l  t o  t hemse lves ,  
S u t h  i s  n o t  t h e  c a s o ,  however,  when t h e  C . G .  of t h e  
wing s e c t i o n  l i e s  o u t s i d e  the  s p a r  a x i s .  Imagine t h e  C . G .  
t o  be s h i f t e d  toward t h o  r q a r  by hang ing  w e i g h t s  on t h e  
t r a i l i n g  edge. If t h e  s p a r  i‘s t h e n  b e n t  and suddenly  r e -  
l e a s e d ,  t h e  bending  v i b r a t i o n s  immedia t e ly  s e t  up  t o r s i o n -  
a l  v i b r a t i o n s ,  s i n c e  t h e  e l a s t i c  f o r c e  of t h e  s p a r  does  
n o t  t h e n  a c t  on t h e  C.G.  of t h e  s e c t i o n ,  3ut  p r o d u c e s  a 
t o r s i o n a l  moient  due t o  t h e  l e v e r  arm between t h e  C.G.  and 
t h e  s p a r  a x i s .  
. 
I f  t h e  v i b r a t i o n  o c c u r s  i n  an  a i r  s t r e a m ,  i t  i s  a f -  
f e c t e d  by t h e  aerodynamic f o r c e s ,  s o  that  t h e  a n g l o  o f  a t -  
t a c k  v a r i o s  a c c o r d i n g  . t o  whother t h o  wing moves up o r  
down and a l so  w i t h  t h o  e l a s t i c  d i s t o r t i o n  of t h o  g iven  sec-  
t i o n .  This v a r i a t i o n ’ : i n  t h e  a n g l e  of a t t a c k  a f f e c t s  t h o  
l i f t  and t h e  t o r s i o n a l .  monent of t h o  aerodynamic f o r c o s ,  
. I f ,  duo t o  t h o  a e r o d y n a d c  and i n e r t i a  moments, t h o  
e l a s t i c  d i s t o r t i o n  o f  t h e  wing p r o d u c e s  a s m a l l e r  a n g l e  of 
a t t a c k  d u r i n g  t h e  downward motion t h a n  d u r i n g  t h e  upward 
mot ion ,  i t  means that  e v e r y  t ime t h e  wiqg,moves upward t h e  
l i f t  is i n c r e a s e d  and e v e r y  t ime i t  moves d6wnward the l i f t  
i s  d e c r e a s e d .  The e f f e c t  is j u s t  t h e  same as i f  a f o r c e  
a c t e d  on t h e  wing i n  consonance w i t h  t h e  v i b r a t i o n s , ’ t h e r e -  
by i n c r a a s i n g  t h e i r  ampl i tude .  Energy  i s  t h u s  pe rmanan t ly  
t r a n s m i t t o d  t o  t h o  v i b r a t i o n s  and t h e i r  a q l i t u d o  i n c r e a s o s  
even though  t h o  o r i g i n a l  d i s t u r b a n c e  i s  o n l y  s l i g h t ,  u n t i l  
t h o  wing broaks ,  o r  u n t i l  t h e  i n t e r n a l  damping a b s o r b s  j u s t  
as much onergy  as i s  added o x t o r n a l l y .  Honce such  a v i b r a -  
t i o n  i s  novor  p o s s i b l o  whon a wing has such  a t o r s i o n a l  
r i g i d i t y  t h a t  t h e  aerodynamic and i n e r t i a  moments can p r o -  
duce  o n l y  s l i g h t  t o r s i o n a l  a n g l e s  d u r i n g  t h e  v i b r a t i o n ,  
I n  a p r o p e l l e r  t h e  masses a r e  a l l  n e a r  t h e  e l a s t i c  
a x i s  and have  t h e i r  C..G. p r a c t i c a l l y  i n  t h i s  a x i s ,  s o  t h a t  
t h e  f o r c e  of i n e r t i a  can  e x e r t  no c o n s i d e r a b l e  moment. 
The chord  o f  t h e  p r o p o l l e r  b l ade  i s  v e r y  s h o r t ,  s o  t h a t  t h e  
aerodynamic f o r c e  c a n  a c t  on a s h o r t  l e v o r  a r m  and produce  
o n l y  a s l i g h t  d i s t o r t i o n .  Only at  v e r y  l a r g e  a n g l e s  of  a t -  
w t a c k  can  the’  aerodynamic f o r c e s  t h e n  deve lop  t o r s i o n a l  mo- 
ments  which  p roduce  impor t an t  d i g t o r t i o n s .  I t  i s  t h e r e -  
f o r e  obv ious  that t h e  c o n d i t i o n s  f o r  t h e  p r o d u c t i o n  of such  
where t h e  d i s t o r t i o n  i s  much g r e a t o r ,  due t o  t h e  l o n g  l e v e r  
4 v i b r a t i o n s  are n o t  p r e s e n t  t o  the same d e g r e e  as i n  a wing,  
A 
C ’  
arias o f  t h e  aorodynamic a n d  i n o r t i a  f o r c o s .  
Xven small f o r c e s  and moments iuay p roduce  v i b r a t i o n s  
of g r e a  ampl i tude  when t h e  v i b r a t i o n s  have a f x u e n c y  
approxi ,na, t ing t h o  r i a t u r a l  freguL ncy.  I n  a combined v i b r a -  
t i o n  t h i s  dangor. i s  d i m i n i s h e d  i n  p r o p o r t i 0 3  t o  t n e  d i f f e r -  
ence i n  t h e  n a t u r a l  f r e q u e n c i e s  o f  t h e  t w o  component v i -  
b r a t i o n s ,  t o r s i o n a l  a n d  bending.  An expor i rnonta l  i n v e s t i -  
g a t i o n  of t h e  r i g i d i t y  o f  o r d i n a r y  p r o p e l l e r  b l a d o s  shows 
t h a t  t h o  n a t u r a l  f r o q u e n c y  o f  t h o  t o r s i o n a l  v i b r a t i o n s  i s  
of a z o t h e r  o r d e r  of  magni tude t h a n  t h a t  of t h e  bending  v i -  
b r a t i o n s ,  The d i s t u r b i n g  i m p u l s e s  r e s u l t i n g  f rom t h e  
behding v i b r a t i o n s  f o r m ,  t o  a c e r t a i n  d e g r e e ,  a s t a t i c  
l o a d  f o r  t h e  t o r s i o n ,  which changes  s l o w l y ,  80 t h a t  t h e  
d i s t o r t i o n  i s  p r o p o r t i o n a l  t o  t h e  e f f e c t i v e  moment. S i n c o  
t h o  t o r s i o n a l  mor-ients a r e  sinall, no c o n s i d e r a b l e  d i s t o r -  
t i o n ,  a h i c h  c o n s t i t u t o s  t h e  p r o l i m i n a r y  c o n d i t i o n  f o r  t h o  
dovclopnont  o f  conSinod v i b r a t i o n s ,  can  o c c u r .  
C a l c u l a t i o n  shows t h a t  t h e  t o r s i o n a l  rnomonts mould 
have t o  be o f  an e c t i r e l y  d i f f e r o n t  o r d e r  of Xagn i tude ,  i n  
o r d e r  t o  c a u s e  t h e  v a r i a t i o n s  i n  t h e  ai lgle  o f  a t t a c k ,  which 
c o n s t i t u t e  t h e  p r e l i m i n a r y  c o n d i t i o n  f o r  dynamic i n s t a b i l -  
i t y .  E i t h o r  t h e  aerodynamic  f o r c e s  and moments ( i . e . ,  t h e  
p r o p e l l o r  r .p,rri.) o r  t h e  b l a d e  c h o r d  and,  c o n s e q u e n t l y ,  
t h e  l e v e r  arms of t h e  aerodynamic and i n o r t i a  f o r c e s  w o u l d  
have t o  be c o n s i d e r a b l y  l a r g e r  t h a n  i s  now t h e  c a s e ,  f o r  
such combined v i b r a t i o n s  t o  occu r  i n  p r o p e l l e r s  o f  normal 
t o r s i o n a l  and bend ing  r i g i d i t y ,  
Although t h e  ma themat i ca l  s o l u t i o n  o f  t h i s  problem i s  
p o s s i b l o  o n l y  under  s i r a p l i f i o d  a s s u m p t i o n s ,  and  hence  t h e  
numeric:tl r e s u l t s  of such  i n v e s t i g a t i o n s  must bo a c c e p t e d  
w i t h  c a u t i o n ,  t h e  d a t a  a r e ,  n o v o r t h e l e s s ,  s u f f i c i e n t l y  ac-  
c u r a t e ,  s i n c o  t h e y  concorn  on ly  an  a p p r o x i m a t i o n  of t h o  o r -  
d e r  of  n a g n i t u d o .  
2. V i b r a t i o n s  w i t h  0r:c Degree  of Freedom 
at L a r g e  Angles  of A t t a c k  
This  c o n d i t i o n  o b t a i n s  oilly when t h e  p r o p e l l e r  b l a d e s  
a r e  f u n c t i o n i n g  a t  a n o r n a l  a n g l e  of a t t a c k  a n d  hence  con- 
s i d e r a b l y  below t h e  ariglo o f  maxinum l i f t  o r  t h r u s t .  When 
t h o  l i f t  on i n d i v i d u a l  s e c t i o n s  a p p r o a c h e s  t h e  maxinun, 
o t h e r  c o n d i t i o n s  a r e  i n t r o d u c o d .  F o r  e x a l p l o ,  i t  i s  obv i -  
P.A.C.A.  T e c 3 n i c a l  ; ierJorandui 170. ,642 5 
ous . t h a t  s imple  beIsding v i b r a t i o n s ,  n o t  com3ined w i t h  any  
o t h e r  component, a r e  p o s s i b l e  i n  t h i s  c a s e .  Flieil t h e  an- 
g l e  of naximum l i f t  i s  excesded ,  t h e  li9t and  t h e  normal 
f o r c e  d e c r e a s e  as t h e  a n g l e  of a t t a c k  i n c r e a s e s .  Then t h e  
31ade  i s  a o v i n g  downward, an  a d d i t i o n a l  n c g a t i v o  l i f t  i s  
g e n e r a t e d ,  a f o r c e  n h i c h  e x o r t s  a n  a c c e l c r a t i n g  e f f e c t  on 
t h e  n o t i o n .  d c o r r e s p o n d i n g  c f f e c t  i s  producod by t h e  u p  
n s r d  ;zotfon. Xeilcc t h o  bending v i b r a t i o n s  a r c  a c c c l e r s t c d  
by t i c  aerodynamic f o r c o s  beyond t h o  a n g l e  of n a x i a u a  l i f t ,  
The o f t e n - e x p r e s s e d  o p i n i o n ,  t h a t  such  v i b r a t i o n s  ac- 
t u a l l y  occur  i n  2 r o p e l l e r  b l a d e s ,  i s  s t r e n g t h e n e d  by t h e  
f a c t  t h a t  t h e r e  a r e  p r o p e l l e r s  which  r x n  smooth ly  xp t o  
c e r t a i n  a n g l e s  o f  a t t a c k  and t h e n  sudden ly  b e g i n  t o  f l u t t o r  
O i l  t h e  l e a s t  f u r t 3 e r  i n c r e a s e .  T h i s  e x p l a n a t i o n  must, hom- 
e v e r ,  5 c  s o r x m h a t  a n p l i f i o d ,  i n  o r d e r  t o  'cr ing i t  i n t o  har- 
mo;q a i  t k  exporici ico.  
, I f  i t  i s  assumed that t!ic maximum l i f t  i s  cxceedcd by 
i n c r o a s i n g  t h o  p i t c h ,  m e  t hen  have  t h c  c o n d i t i o n s  f o r  a 
s c l f - , w p l i f g i n g  v i b r a t i o n  at  any speed.  I t  mould t k c r c -  
f o r e  bo  assurnod that t h e  v i b r a t i o n s  b e g i n  w i t k  s m a l l  a p l i -  
t u d e s  at 10:v r e v o l u t i o n  speeds and c o n t i n u a l l y  i n c r e a s e  i n  
a q l i t u d e  as the r e v o l u t i o n  q e e d  i n c r e a s e s ,  Such i s  n o t  
t k e  c a s e ,  i o a e v e r ,  a c c o r d i n g  t o  zy o b s e r v a t i o n s ,  -;ip t o  a 
c s r t 2 , i n  r e v o l x t i o i  speed ,  t h e  p r o s e l l e r  r u n s  j u s t  as s a o o t h -  
l y  a t  t h e  g r e a t e r  p i t c h  as at t h e  s m a l l e r .  A3ove t h i s  
sTeed v i o l e i t  v i b r a t i o n s  s e t  i n .  F i t h  f u r t h e r  i n c r e a s e s  
i n  t h e  r e v o l u t i o n  s p e e d ,  t h e  v i b r a t t o n s  o f t e n  grow no 
s t r o r , g c r ,  aad if the r e v o l u t i o n  spood i s  a g a i n  r e d u c e d ,  t h e  
v i 3 r e t i o n s  d i s q q e a r  at somewhat l ower  r e v o l u t i o n  speeds  
t h a n  t i i o se  at  which t h e y  wore f i r s t  produced .  This s e O m s  
t o  i n d i c a t o  C";r;'rced v i b r g t i o  2s. -- - If t h e  ao rodynan ic  measurose i l t s  i n  s , t a t i c  wing t e s t s  
c o u l d  3 c  t r a n s f c r r o d  t o  t h i s  p r o b l c n ,  i t  Wou10 z l s o  have  
t o  bc assumcd that t h e  maximum l i f t  m a s  c o n s i d e r a b l y  cx- 
ccedcd ,  s o  t h a t  such  v i b r a t i o r , s  c o u l d  o c c u r ,  s i n c e  t h e  
aerodynamic  f o r c e  and noncnt  v a r y  b-ut s l i g h t l y  i n  t h o  vi- 
c i n i t y  of t L e  iaaximun l i f t .  Herc t h e  c o n d i t i o n s  o f  v i b r a -  
t i o r -  m e  z p p r o x i m a t e l y  t h e  s m ~ e  as i f  t h c  p r o p e l l e r  mcrc 
rull;iiiig i n  a V ~ C - L I U ~ ,  In t h i s  f i e l d ,  :iovcvcr, t h e r e  i s  coii- 
s idc rc?b lc  u n c e r  t a i n % y  r e g a r d i n g  such  c o z s i d e r  at  i ons. z e r o  
t h e  c f f c c t  of the p o s i t i o n  a~ad s t a t e  o f  mot ion  o f  t i ic 
b l c d c  i s  s t i l l  g r o n t c r  t:-lan a t  s~;la11 s n g l c s  o f  a t t n c k ,  
Prob?..bly t h c  n e r o d g n a n i c  f o r c c  and i t s  Liomcnt n i l 1  beha-Tc 
ot'Llerwise t h a n  s t a t i c  t s s t s  would l e a d  one t o  e x p e c t ,  I t  
i s  knomn that  i n  t h i s  f i e l d  i t  makes a d i f f e r e n c e  f r o n  
wliich direction a g i v e n  ,zr.gle of . a t t a c k  i s  npproachod. 
A matl-Aematicnl d c t e r a i n a t i o n  o f  t h c  l i f t  and riociont 
i n  terms o f  t n o  s t a t e  of motion i s  Xiardly f e a s i b l e  at 
l a r g e  a n g l e s  o€ a t t a c k ,  The o n l y  a v a i l a b l e  r e s o u r c e  i s  
t h e  t h e o r y  o f  v o r t e x  s u r f a c e s .  T h i s  i s  a p p l i c a b l e ,  how- 
e v e r ,  o n l y  when a sma.11 r e g i o n  o u t s i d e  t h e  wing s e c t i o n  
( t h e  'boundary l a y e r )  i s  a f f e c t e d  by t h e  f r i c t i o n ,  w h i l e  a 
p o t e n t i a l  flow p r e v a i l s  beyond t h i s  r e g i o n .  T h i s  condi -  
t i o n  no l o n g e r  e x i s t s  a t  l a r g e  a n g l e s  o f  a t t a c k .  I t  i s  
p o s s i b l e  tha t ,  i n  t h e  f i e l d  of l a r g o  a n g l e s  of a t t a c k ,  t h e  
v a r i a t i o n s  i n  t h e  l i f t  and i n  t h o  aerodynamic moment, 
caused  b:r t n e  o s c i l l a t i o n  of E b l a d e ,  may bo such  t h a t  v i -  
b r a t i o n s ,  howavor s t a r t o d ,  can be f u r t h e r  a m p l i f i o d  by t h e  
acsodynamic f o r c o  s. 
t c o n c e r n s  
I n  t h e  i n -  
I.r ..-----.- 
bett.reen v o r t e x  s e p a r a t i o n  and b l a d e  v i b r a t i o n . .  
B r  :lor'i;lon 01: t n e  p r o p e l ~ e r  TtTE?'T up t o  a E t  h a l f  t t s  
r a d i u s ) ,  where t h e  a n g l o  o f  a t t a c k  of a p r o p e l l o r  b l a d e  
w i t h  a h i g h  p i t c h ,  o s p o c i a l l y  when r u n n i n g  on t h e  s t a n d ,  
i s  v c r y  l a r g o  
t h e  f l o w  d o f i n i t e l y  s e p a r a t e s ,  a v o r t e x  t r a i l  must bo 
f o r n c d ,  whose midtil  i s  o f  t h e  o r d e r  o f  magni tudo o f  t h o  
b l a d e  chord .  A r r ia thonat ical  o s t i n a t i o n ,  a c c o r d i n g  t o  H c r -  
m R i i t s  researches on v o r t e x  t r a i l s ,  shows that f o r  o r d i n a r y  
p r o g e l l e r  b l a d e s  and r e v o l u t i o n  s p e e d s ,  t h e  f r e q u e n c y  of  
t h e  v o r t e x  s e p a r a t i o n  i n  tkiis i n n e r  p o r t i o n  o f  t h e  b l a d e  
i s  o f  t h e  sane o r d e r  o f  n a g n i t u d e  as  t h a t  o f  t h e  t o r s i o a a l  
v i b r a t i  03. 
( o f  t h o  o rdor  of magni tudo  of 45') and whcro 
1 
On ?Le r e s t  o f  t h e  p r o p e l l e r ,  rohere t h e  f l o w ,  eBen a t  
hi,.;h : > i t c h e s ,  has n o t  y e t  s c ? a r a t e d ,  t h e  f r e q u o x c g  of  t h e  
v o r t e x  s o p n r a t i o n s  i s  c o n s i d c r c b l y  g r o a t o r  than t h e  n a t u r -  
a l  i r o q u o n c y  of t h e  p r o p e l l o r  b l a d c s ,  S i n c o ,  honcvc r ,  
cvnn t h i s  p a r t  o f  t h o  y r o ; ~ e l l e r  f u n c t i o n s  w i t h  r o l a 5 i v e l y  
l a r q o  ari::lcs o f  a t t a c k  a t  a i i i gh  p i t c h ,  t h c  Ciaxiping by t k e  
ac rodynax ic  f o r c e s  i s  h e r o  v e r y  s l i g h t .  I t  i s  p o s s i - a l c  
u ~ i a t ,  cvon unde r  t'iicso c i r c u a s t a n c o s ,  i n c  c n c r g y  of t h o  
v o r t i c e s  may s u f f i c o  t o  xairitai11 v i b r a t i o i s  of f i n i t e  59- 
p l i  t u d o .  
4- - 
Hardly  more t h a n  suri;iisn,s c m  be xadc,  h o u c v c r ,  r c -  
cSnrdir.g tkic v i b r a t i o n  phcnonc-?n coii:ioctcd : T i  th  t h e  n:~.:-lc 
o f  : . t t ack ,  111 c r d u r  t c  solv; ,  ",csc m r o b l c r - l s ,  i t  w i l l  b o  
i lc2Cs: :cr~ t o  invasti;:T,te f ] - o a s  j.n wh ich  t h o  s e c t i o n s  TTC 
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moved s i m i l a r l y  t o  what t hey  a r e  i n  ac tua l  v i b r a t i o n s .  
3. E f f e c t  of C u r v a t u r e  ' 
In t h e  p r e c e d i n g  d i s c u s s i o n  i t  h a s  been assumed t h a t  
t h e  b l a d e  a x i s  i s  s t r a i g h t ,  f o r  o n l y  t h e n  i s  t h e r e  any 
s e n s e  i n  d e s i g n a t i n g  t h o  v i b r a t i o n  com2onents as bend ing  
and t o r s i o n a l ,  If t h B  p r o p e l l e r  b l a d e  and i t s  a x i s  ( t h e  
l i n e  p a s s i n g  t h r o u g h  t h e  C.G. o f  e a c h  b l a d e  s e c t i o n )  a r e  
c u r v e d ,  as i s  g e n e r a l l y  t r u e  i n  p r a c t i c o ,  s u c h  i s  no l o n g o r  
t h e  case .  Tno t o r n s ' b e n d i n g  and d i s t o r t i o n  a p p l y ,  f o r  a 
kurvcd  blad-e, o n l y  t o  a c r o s s  s e c t i o n  o r  t o  a s e c t i o n  of 
t h e  b l a d e  which i s  s o  s h o r t  i n  t h e  d i r e c t i o n  o f  t h e  a x i s  
t h a t  i t  may be c o n s i d e r e d  s t r a i g h t .  Tho t o r s i o n  of any 
o t h e r  s e c t i o n  p r o d u c e s  n o t  only n d i s t o r t i o h  abou t  i t s  103- 
g i t u d i n a l  a x i s ,  bu t  also a d i s p l a c e m e n t  which i s  e s s n e t i s l -  
l y  p a r a l l e l ,  c o r r e s p o n d i n g  t o  t h e  bending.  Moreover ,  a 
p r o p e l l e r  b l a d o  i s  a lways  t w i s t e d ,  s o  t h a t  t h e  p r i n c i p a l  
a x i s  of i n e r t i a  h a s  a d i f f e r e n t  d i r e c t i o n  i n  e v e r y  c r o s s  
s e c t i o n .  Even w i t h  s t a t i c  l o a d i n g ,  t h e  m a t h e m a t i c a l  compu- 
t a t i o n  of t h e s e  i n f l u e n c e s  is t r o u b l e s o m e ,  ahd t h e  i n v e s -  
t i g a t i o n  o f  t h e  v i b r a t i o n  phenomena i s  v e r y  d i f f i c u l t .  I 
iill s a y  a few words r e g a r d i a g  oil ly one c a s e  of p r a c t i c a l  
i i i t c r e s t ,  s o  f a r  as i t  i s  p o s s i b l e  t o  g a i n  an i n s i g h t  w i t h -  
o u t  c a l c u l a t i o n .  Imagine a p r o p e l l e r  b l a d e  h a v i n g  a p r o -  
nounccd r a k e ,  as w a s  f o r m e r l y  o f t e n  t h e  caso .  The rake 
i s  somewhat oxaggora tod  i n  7 i g u r o  1 . 
I f  o n l y  t h o  b l a d e  s e c t i o n s  n e a r  t h o  hub are r e g a r d e d  
as e l a s t i c  and t h e  r e s t  of t h e  b l a d e  as r i g i d ,  t h e n  t h e  
r a k e  i n c r e a s e s  t n e  i n e r t i a  moment o f  t h e  e l a s t i c  s e c t i o n s  
abou t  t i le a x i s  of t o r s i o n  and t h e r e f o r e  r e d u c e s  t h e  t o r -  
s i o n a l  f roquoncy .  The f r equency  o f  t h o  bond ing  v i b r a t i o n s  
a l s o  v a r i e s  a c c o r d i n g  t o  t h o  t o r s i o n a l  woakness  of the 
b l a d e ,  because  t h o  o u t e r  p o r t i o n  o f  t h e  b l a d e ,  which w a s  
t e m p o r a r i l y  assumed t o  b e  r i g i d ,  w i t h  e v e r y  e l a s t i c  y i e l d -  
i n g  of t h e  i n n e r  2 o r t i o n s  s i c i u l t a n e o u s l y  d i s t o r t s  t h e  l a t -  
t e r .  Due t o  t h i s  d i s t o r t i o n ,  t h e  o u t e r  p o r t i o n p  d o  n o t  
have  t h e  samo a m p l i t u d o  as i n  a s t r a i g h t  b l a d e ,  which 
would l i k o w i s e  mako a bending o s c i l l a t i o n  about  t h o  o l a s -  
t i c  p o r t i o n  noa r  t h o  hub. Honco t h e  mass would have t o  bo 
reduced .  The f r e q u e n c y  o f  t h o  lsonding v i b r a t i o n s  w o u l d  
t h u s  be i n c r e a s e d .  
I n  a n  actual  i n v e s t i g a t i o n  of  t h e  p rob lem,  a l l  t h e  
s e c t i o n s ' m u s t ,  of c o u r s e ,  be r e g a r d e d  as e l a s t i c ,  and t h e  
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r e l a t i o n s  a r e  e x t r e m e l y  c o m p l i c a t e d  w i t h  r e s p e c t  t o  any 
g ivkn  camber;  I t  i s  a l r e a d y  r e c o g n i z e d i  however, t h a t  l o t h  
f r e q u o n c i e s  approach  each  o t h e r ,  whoroby t h o  highhor f r o -  
quoncy i s  roduccd ,  t h u s  f a v o r i n g  i n s t a b i l i t y .  The o f t o n -  
e x p r e s s e d  o p i n i o n  t h a t  t h o  r & o  of t h e  b l a d e  t i p s  improves  
t h e  s t a b i l i t y  i s ,  t h e r e f o r e ,  n o t  a b s o l u t o l y  c o r r e c t .  P e r -  
h a p s  the  o p p o s i t e  c o n c l u s i o n  would coae  n e a r e r  t h e  truth. 
I n  n o s t  p r e s e n t - d a y  p r o p e l l e r s  t h e  a x i s '  more c l o s e l y  
approaches  a s t r a i g h t  l i n e .  I would,  t h e r e f o r e ,  l i k e  t o  
assume t h a t  t h e  e f f e c t  of t h e  camber n e c e s s i t a t o s  a s l i g h t  
c o r r e c t i o n  o f  t h e  r e s u l t s ,  b u t  makes no i m p o r t a n t  chango 
i n  t h e  S o n o r a l  p r i n c i p l o s .  Tho p o s s i b i l i t y  of a c o n d i t i o n ,  
n h i c h  i s  d y n a n i c a l l y  u n s t a b l e  due t o  t h o  s i m u l t a n o o u s  ac- 
t i o n  o f  aerodynamic f o r c e s  and e l a s t i c  i n e r t i a  f o r c e s ,  
cannot  be d e f i r i t o l y  d e n i e d ,  howovor,  u n t i l  cambored p r o -  
p Q l l c r s  havo a l s o  boon' i n v e s t i g a t o d .  
Thc t e rms  t o r s i o n a l  and bond ing  v i b r a t i o n s  m i l l  a l s o  
bo  u s o d  i n  w h s t ' f o l l o w s ,  even though  n o t  s t r i c t l y  a p p l i c a -  
b l o  t o  a l l  shapes  o f  p r o p o l l e r s .  They a r e  p l a u s i b l o ,  how- 
e v e r ,  i n  s p i t e  of t h i s  c o n s i d e r a t i o n .  I t  i s  o n l y  n e c e s s a r y  
t o  v i s u a l i z e ,  on t h e  one hand,  t h e  v i b r a t i o n s  f o r  which 
t h e  d i s t o r t i o n  o f  t h e  p r o f i l e s  i s  g r e a t  i n  compar ison  w i t h  
t h e  o t h e r  d e f o r m a t i o n s  and ,  on t h e  o t h e r  hand ,  t h e  v i b r a -  
t i o n s  f o r  which t h e  d i s t o r t i o n  o f  t h e  p r o f i l e s  i s  s m a l l  i n  
comparison w i t h  t h o  p a r a l l e l  d i s p l a c e m e n t s  o f  t h e  c r o s s  
s e c t i o n s .  These f o r m s  o f  v i b r a t i o n  can be v i s u a l i z e d  as 
e x p e r i m e n t a l l y  p roduced  by i m p a r t i n g  a v i b r a t i o n  w i t h  a 
r o g u l a r  f roquoncy  t o  a n  unba lanced  r o t a t i n g  d i s k .  A t  a 
c e r t a i n  r o t a t i o n a l  speed  o f  t h o  u n b a l a n c e d  d i s k ,  t h o  pro-  
p o l l e r  l l a d e  suddenly  makes  l a r g o  d e v i a t i o n s ,  f o r  which 
t h o  component, which i s  o e s o n t i a l l y  p e r p o n d i c u l a r  t o  t h o  
p r e s s u r e  s i d e  of t h e  b l a d e ,  o v e r b a l a n c e s  a l l  o t h e r  d e f o r -  
mat ions.  T h i s  i s  d e s i g n a t e d  above as t h e  b e n d i n g  conpo- 
n e n t ,  I n  a n o n r o t a t i n g  c o n v e n t i o n a l  p r o p e l l e r ,  t h i s  v i -  
b r a t i o n  o c c u r s  at a b o u t  25 t o  40 H e r t z .  
I f  t h e  r o t a t i o n a l  speed ,  and c o n s e q u e n t l y  t h e  f r e q u e n c y  
of  t h e  i m p u l s e s ,  i s  f u r t h e r  i n c r e a s e d ,  t h i s  v i b r a t i o n  d i s -  
a p p e a r s ,  and s t r o n g  d e f l e c t i o n s  a r c  g e n c r a l l y  produced  a t  
150  Her tz  and abovo,  due t o  r e s o n a n c e  w i t h  a n o t h e r  f o r m  of 
v i b r a t i o n ,  which causos l a g e  a n g u l a r  v a r i a t i o n s  i n  a l l  
t h o  sections. If wo d e s i g n a t e  t h e s o  t w o  components as t o r -  
s i o n  a n d  bonding and i n t r o d u c e  t h o  f r c q u o n c l c s  of  b o t h  
f o r m s  o f  v i b r a t i o n  as e x p o r i m e n t a l l g  obfr , inod i n  t h o  above 
manner,  a l lowance  i s  t h u s  made f o r  t h e  b c n d i n g  o f  t h e  axis, 
i n  s o  far i s  t h o  e l a s t i c  p r o p o r t i o s  a r e  a f f o c t o d .  
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4. Forced  V i b r a t i o n s  
. , I  
It  now remains  t o  i n v e s t i g a t e  t h e  second f o r m  of v i -  
b r a t i o n s ,  which a r e  produced  by some p e r i o d i c  e x t e r n a l  
d i s t u r b a n c e  and which a r e  g e n e r a l l y  c a l l e d  f o r c e d  v i b r a -  
t i o n s .  S i n c e  t h e  d e f l e c t i o n s  and s t r e s s e s  i n  such  v i b r a -  
1 t i o n s  are p a r t i c u l a r l y  l a r g e  and dange rous  when t h e  p e r i o d  
of e x c i t a t i o n  i s  i n  r e sonance  w i t h  t h e  n a t u r a l  v i b r a t i o n ,  
t h e y  a r e  c a l l e d  rosonanco  v i b r a t i o n s .  For  a i r c r a f t  p r o p e l -  
l e r s  t h e  d i s t u r b i n g  f a c t o r s  are: 
. 1. V a r i a t i o n s  i n  t h e  eng ine  speed;  
~2. S e p a r a t i o n  of  v o r t i c e s  f r o m  t h e  p r o p e l l e r  b l a d e s ,  
p r o d u c i n g  p e r i o d i c  f l u c t u a t i o n s  i n  t h e  aerodynamic  f o r c e s ;  
3. P e r i o d i c a l l y  v a r y i n g  impac t  o f  t h e  b l a d e s ,  due t o  
l a c k  o f  u n i f o r m i t y  o f  t h e  f i e l d  o f  f l o w  i n  the p l a n e  o f  
the  p r o p e l l e r  d i s k .  
-.- The p o s s i b i l i t y  o f  s e t t i n g  up v i b r a t i o n s  by t h o  sepa-  
F a t i o n  o f  v o r t i c e s  has a l r e a d y  been  d i s c u s s o d ,  s o  f a r  as 
i s  p a s s i b l o  w i t h  our s t i l l :  ve ry  i m p e r f e c t  knowlodge. The 
l a s t  o f  t h e  above c a u s e s  appea r s  t o  be t h e  most i m p o r t a n t ,  
s i n c e  .tho p e r i o d i c a l l y  v a r y i n g  f o r c e s  and  moments, p roducod 
by t h e  i r r e g u l a r  i m p a c t s ,  a r e  much l a r g e r  t h a n  t h o s e  p ro -  
duced  by t h o  o t h e r  d i s t u r b a n c o s .  
, 
F o r  t h i s  Bind of v i b r a t i o n s ,  t h e  t a s k  i s  f i r s t  t o  de- 
t o r m i n e  t h o  different n a t u r a l  f r e q u o n c i o s  p e c u l i a r  t o  a 
g i v e n  o r  p r o j e c t e d  p r ' o p o l l o r .  Tho main d i f f i c u l t y  con- 
s i s t s  i n  t h e  complex i ty  of tho p r o p e l l e r  b l a d e .  The solu- 
t i o n  of even  t h e  s i m p l e ' s t ' c a s e  i s  v o r y  d i f f i c u l t  f o r  a 
b l a d e  w i t h  a v a r i a b l e  c r o s s  s e c t i o n .  Moroovor, t h o  n a t u r -  
a l  f r e q u e n c y  i s  changod by the  c o n t r i f u g a l  f o r c e  which,  
i n  t h e  c a s e  of  a bend,  t e n d s  t o  s t r a i g h t o n  the b l a d s .  The 
c e n t r i f u g a l  f o r c e .  t h e r e f o r 0  t o n d s  t o  d i m i n i s h  t h e  n a t u r a l  
f r equoncy .  
A method f o r  d e t e r m i n i n g  t h o  n a t u r a l  f r e q u o n c y  o f  air-  
c r a f t  p r o p o l l e r  b l a d e s  i s  d i s c u s s o d  i n  t h e  above-mentioned 
r e p o r t  o f  L i e b e r g ,  at f i r s t  w i t h  l i m i t a t i o n  t o  a s t r a i g h t  
p r o p e l l e r  a x i s .  X i s  s o l u t i o n  c o n f i n e s  t h e  n a t u - a l  f r e q u e n -  
c y  between an uppe r  and a lower l i m i t .  S i n c e  t h e s e  l i m i t s  
a r e  v e r y  n e a r  t o g e t h e r ,  t h e  na tura l  f r e q u e n c y  i s  t h u s  v e r y  
a c c u r a t e l y  o b t a i n e d ,  w h i l e  a v o i d i n g  t h e  m a t h e m a t i c a l  d i f -  
f i c u l t i e s  of a d i r e c t  s o l u t i o n .  
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I n  d e t e r m i n i n g  t h e  uppor  l i m i t ,  u s e  i s  mado of a p r i n -  
c i p l e  of Eagi"igii ,  W h i C l i  r o a d s  a s  f o l ' r o w a :  Cf d l  t h e   OS- 
s i b l o  do fo rma t ions  of a v i b r a t i n g  sys t em,  t h a t  one i s  a c t u -  
a l l y  producod which y i o l d s  t h o  m i n i m u m  f r e q u e n c y .  If  w o  
a d o p t ,  f o r  o x m p l e ,  i n  t h o  i n v o s t i g a t i o n  of t h o  bonding  
v i b r a t i o n s  o f  a b a r ,  any l i n e s  o f  bond c o m p a t i b l e  w i t h  t h o  
marg ina l  c o n d i t i o n s  and ca lcu la te  t h o  n a t u r a l  f r equoncy  
f o r  sach l i n e  (whoroby, i n  our c a s o ,  t h e  c o n t r i f u g a l  f o r c o  
m u s t  n a t u r a l l y  be t a k o n  i n t o  C o n s i d e r a t i o n ) ,  t h o  a c t u a l  
l i n e  o f  bond i s  mos t  c l o s e l y  approx ima ted  by t h a t  one of 
t h e  assumed l i n e s  of bend whicn h a s  t h e  l o w e s t  n a t u r a l  
f r equency .  Even f o r  t h i s  l i n e ,  however ,  t h e  n a t u r a l  f r e -  
quency w i l l  g e n e r a l l y  be t o o  h i g h ,  u n l e s s  t h e  c o r r e c t  l i n e  
o f  bend has been a c c i d e n t a l l y  adop ted .  The d e v i a t i o n s  a r e  
s m a l l ,  however ,  s i n c e  t h e  minimum n a t u r a l  f r e q u o n c y  v a r i e s  
on ly  by s n a l l  amounts whon t h o  l i n e  o f  bend undorgoes  
s l i g h t  changes.  
Hcnco, i f  t h e  a d o p t e d  l i n e s  of  bond a r o  o n l y  approx i -  
m a t e l y  c o r r o c t ,  a c l o s o  approx ima t ion  i s  n e v e r t h e l o s s  ob- 
t a i n a d  f o r  t h e  n a t u r a l  f roquoncy.  T h i s  a p p r o x i m a t i o n ,  
which can y i e l d  o n l y  oxccss fvo  v a l u o s ,  can bo e a s i l y  c a l -  
c n l a t c d  f o r  a b a r  w i t h  any s e r i o s  of c r o s s  sections. F o r  
t h c  bending  f r o q u e n c i e - s  of o r d i n a r y  p r o p o l l o r  b l a d o s ,  t h i s  
i s  donc i n  t h e  abovo-montionod r e p o r t  w i t h  t h e  a i d  of t w o  
C h a r a c t e r i s t i c  p a r a m e t e r s  o f  t h o  shape  o f  t l ie  b l ado .  
A inothod f o r  dotermi.ning t h o  lower  l i m i t  o f  t h o  n a t -  
u ra l  f r e q u e n c y  i s  d c t a i l o d  i n  L i e b o r s '  r e p o r t .  Only t h c  
fundamonta l s  of t h i s  no thod  w i l l  bo b r i e f l y  g i v e n  h e r e ,  
w i t h  r e f e r e n c e  t o  t h o  f o l l o w i n g  thoorem f i r s t  domons t r a tod  
by Southwel l .  The s q u a r e  of t h e  n a t u r a l  f r e q u e n c y  of ail 
e l a s t i c  sys t em,  s u b j e c t e d  t o  s e v e r a l  f o r c e s ,  i s  a lways  
g r e a t e r  t h a n  t h e  sum of t h e  s q u a r e s  of t h e  f r e q u e n c i e s ,  
w i i c h  t n o  sys tem would have ,  if o n l y  one of  t h e s e  f o r c e s  
were a c t i n g  a t  a t ime .  (Lamb and S o u t h w e l l ,  P roc .  Roy .  
SOC. ,  V o l .  9 9 ,  London, 1921.) An a i r c r a f t  p r o p o l l o r  b l a d o  
i s  f i r s t  s u b j e c t e d  t o  t h o  o l a s t i c  f o r c o s .  Only t h e s e  a r e  
p r o s c n t  when t h e  p r o p e l l o r  i s  n o t  runn ing .  The r e s u l t i n g  
f roquoncy  i s  e a s y  t o  do te rmine  e x p e r i r n o n t a l l y ,  by s u b j o c t -  
i n g  tho  p r o p e l l o r  t o  i m p a c t s  and r e c o r d i n g  and c o u n t i n g  
t h o  v i b r a t i o a s .  T h i s  f r e q u o n c y  i s  d o s i g i l a t e d  by ho. I f  
we now imngino t h e  e l a s t i c  f o r c e s  removed, s o  t h a t  we h a v e ,  
8 s  i t  were ,  a f l e x i b l e  c h a i n  o r  r o p e  o f  c o r r e s p o n d i n g  mass ,  
we then  have  on ly  t h e  c o n t r i f u g a l  force r ema in ing .  I t  i s  
e a s i l y  d e m o n s t r a t e d  t h a t  suck o s a s t e n  has S e n d i n g  v i b r a -  
t i o n s  w i t h  a f r e q u e n c y  equa l  t o  t h e  a n g u l a r  v e l o c i t y  W .  
. 
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For t h e  t r u e  f r e q u e n c y  h under  t h e  a c t i o n  of  boEh f o r c e s  
we t h e n  have  
. x JX," + a2. 
(By f r e q u e n c y  i s  h e r e  meant t he  s o - c a l l e d  c i r c u l a r  f r e q u e n -  
c y ,  o r  2rr t3mes t h e  nufiber of v i b r a t i o n s  p e r  second.)  
T i t h  t h e  a d d i t i o n  of  a c o n s t a n t  f o r  t a k i n g  i n t o  accoun t  t h e  
s h q e  o f  t h e  b l a d e ,  t h i s  i n e q u a l i t y ,  which y i e l d s  t h e  l o v e r  
lisit, h a s  a l r e a d y  been  scggos tod  as an approx ima te  solu- 
t i o n . f o r  t h o  t ruo f roquoncy ,  (Sou thwe l l  and Gough, "On t h o  
F r e d  T r a a s v o r s o  V i b r a t i o n s  of Ai rscrow Blades . "  B r i t i s h  
A.R.C.  R e p o r t s  and Memoranda No. 7 6 6 ,  1921 . )  Comparison 
w i t h  t h e  abova-determinod upper  l i m i t  s h o w s  that ,  the  com- 
p l e t e  c o n s i d o r a t i o n  o f  t h e  shape o f  t h e  wing and of t h e  
l i n e  o f  t e n d  (which v a r i e s  w i t h  t h e  r e v o l u t i o n  speed)  con- 
s i d e r a b l y  d i m i n i s h e s  t h e  d i s t a n c e  betweea t h e  a p p s r  and 
lower  l i m i t .  The i n e q u a l i t y  t h e n  t a k e s  t h e  f o r m  
.- 
x 'JX, Lo2 -I- x a  oa, 
i n  wh ich  X1 and Xz a r e  f u n c t i o n s  which c o n t a i n  t h e  cha r -  
. a c t e r i s t i c  p a r a m e t e r  of t h e  wing shape and which can  be c a l -  
c u l a t e d  once f o r  a l l  f o r  any g i v e n  shape on t he  b a s i s  of t h e  
g e n e r a l  l a w .  The d e t a i l s  a r e  g i v e n  i n  t h e  a l r e a d y  f r e q u e n t -  
l y  ment ioned  r e p o r t  of  L i e b e r s .  
I f  i t  i 3  a l s o  found t h a t  t h e  t h u s  c a l c u l a t e d  n a t u r a l  
f r e q u e n c y  i s  n o t  g r e a t l y  a f f e c t e d  by  t h o  aerodynamic  f o r c e s  
and a n  a f t e r  c a l c u l a t i o n  y i e l d s ,  i n  f a c t ,  t h i s  rosu l t  f o r  
t h e  usxal p r e s e n t - d a y  t y p e s ,  t h e  f i r s t  p a r t  of t h e  p rob lem 
i s  s o l v e d ,  a t  l e a s t  f o r  one d e g r e e  o f  f r eedom,  namely, t h e  
d e t e r m i n a t i o n  of t h e  v i b r a t i o n a l  c h a r a c t e r i s t i c s  of a r e =  
v o l v i n g  p r o p e l l e r  b l a d e .  The v i b r a t i o n  number of\ t h i s  con- 
p o n e n t ,  f o r  a n o n r o t a t i n g  p r o p e l l e r ,  i s  g e n e r a l l y  X1 u0 = 
25 - 40/s, and i n c r e a s o s  a c c o r d i n g  t o  the f o r m u l a  
u = Jx, voa + Xa n2 
i n  which n d e n o t e s  t h e  number of r e v o l u t i o n s  p e r  second,  
In l i k e  manner c a l c u l a t i o n s  c o u l d  also be made f o r  
t h e  t o r s i o n a l  v i b r a t i o n s .  S ince  we know i n  advance ,  how- 
e v e r ,  t'nat t h e  e T f e c t  of t h e  c e n t r i f u g a l  f o r c e  i s  small on 
t o r s i o n a l  f r e q u e n c i e s  o f  t h e  highcp cr3.er,  we can  'assume 
t h a t  t h e  t o r s i o n a l  ' f r e q u e n c y ,  de t e rmined  e x p e r i m e n t a l l y  
w i t h  t h e  p r o p e l l o r  a t  r e s t ,  c l o s e l y  a p p r o x i m a t e s  that  -of 
t h o  r e v o l v i n g  p r o p o l l o r .  The f r e q u e n c y  of t h e  t o r s i o n a l  
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i s  g e n e r a l l y  150 H e r t z  o r  more. 
The m o s t  d i s a g r e e a b l e  of t h e s e  components i s  t h e  bend- 
i n g  (on  t h e  s t a n d )  w i t h  the  l o w  f r e q u e n c i . o s  of  25 t o  40 s ,  
which a r e  t h o r e f o r e  of t h e  same o r d o r  o f  magni tudo as t h e  
t o r s i o n a l  f r e q n o n c i o s .  Tho c o n d i t i o n  f o r  ro sonanco  o f t e n  
o c c u r s  when t h e r e  a r o  t w o  d i s t u r b a n c e s  d u r i n g  e v e r y  rovo-  
l u t i o n ,  A s  t l o  r e v o l u t i o n  speed  i n c r o a s o s ,  t h e  o f f o c t  of 
t h e  c o n t r i f u g a l  f o r c o  i s  t o  i n c r o a s o  t h o  n a t u r a l  - f roquoncy 
o f  t h i s  v i b r a t i o n .  I n  F i g u r o  2 ,  t h o  n a t u r a l  f roquoncy  i s  
p l o t t o d  a g a i n s t  t h e  r o v o l u t i o n  spood f o r  t w o  o x m p l o s :  I ,  
a r o l n t i v o l y  t h i n  m o t a 1  p r o p o l l o r ;  11, a s t i l l  m o r 0  yield- 
i n g  p r o p o l l o r  modol. 
I n c r e a s i n g  t h o  n a t u r a l  f r e q u e n c y  has t h o  advan tage  of 
i n c r e a s i n g  t h o  r e v o l u t i o n  spocd a t  which r e s o n a n c o  o c c u r s .  
No r e sonance  can bo producod by any d i s t u r b a n c o  of t h e  
sane f r e q u e n c y  as t h o  r e v o l u t i o n  spcod,  i f  t h o  p r o p e l l o r  
has a cc r t c l in  r i g i d i t y  and no j o i n t s .  I t  w i l l  bo soon,  
horrover, t h a t  i n  t h o  chosen  oxamplo, any d i s t u r b a n c o ,  oc-  
c u r r i n g  t w i c o  w**a,&;J".-"q es  o n a n c d  
1 o w  r e v o i u m  on 
% u r s  q u i t e  f r e q u e n t l y ,  e.g, ,  when a p r o p e l l e r  r e v o l v e s ,  
l u t i o n ,  howevers  oc -  
o i t h e r  b e f o r e  o r  boh ind  t h e  wing, s o  that  e a c h  b lade  p a s s e s  
by t h e  w i n g  t w i c e  p e r  r e v o l u t i o n .  Moreover,  i t  i s  known . 
that  t h e  r e sonance  r e g i o n  i s  widened by t h e  i n c r e a s e  i n  t h e  
n a t u r a l  f r e q u e n c y  o f  t h e  c e n t r i f u g a l  f o r c o ,  s i n c o  if t h o  
I 1 s u p e r c r i t i c a l "  r e g i o n  i s  r o a c h e d  by i n c r o a s i n g  t h o  r o v o l u -  
t i o n  s p c e d ,  t h o  natural  f r a q u c n c y  a l s o  i n c r o a s o s ,  though 
n o t  i n  t h o  same dcgroo .  
5. Appara tus  f o r  Observ ing  t he  V i b r a t i o n s  
A r o t a t i n g  p r i s m  or r o t o s c o p e  P ( f i g .  3) i s  mounted 
i n  f r o n t  o f  t h e  p r o p e l l e r  w i t h  i t s  r o t a t i o n a l  a x i s  i n  t h e  
same s t r a i g h t  l i n e  as t h e  r o t a t i o n a l  a x i s  of t he  p r o p e l l e r .  
This p r i s m  i s  d r i v e n  by a n o t o r  :A s y n c h r o n i z e d  w i t h  t h e  
p r o p e l l e r  shaft .  The r o t a t i o n  o f  t h e  p r o p e l l e r  i s  o l i m i -  
n a t e d  f o r  t h e  o b s e r v e r  by t h e  r o t a t i o n  o f  t h e  p r i s m .  To a 
p e r s o n  l o o k i n g  through t h e  r o t o s c o p e ,  t h e  p r o p e l l e r  apr jears  
s t a t i o n a r y  and p e r p e n d i c u l a r  t o  t h e  s u r f a c e  o f  t h e  p r o p e l -  
l e r  d i sk .  N o t  much can  be accompl i shed  i n  t h i s  may, f o r  
t h e  m o s t  i m g o r t a n t  d e f o r m a t i o n s  (bend ing  v i b r a t i o n s  p e r p e n -  
d i c u l a r  t o  t h e  p r o p e l l e r  d i s k  and  t o r s i o n a l  v i b r a t i o n s )  . 
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p r o d u c e  m o t i o n s  o f  t h e  b l a d e  i n  t h e  d i r e c t i o n  of  o b s e r v a t i o n  
and hence  d i f f i c u l t  t o  r e c o g n i z e .  Tnis d i f f i c u l t y  can be 
overcome by mounting a m i r r o r  S ( f i g .  3) on the  p r o p e l l e r  
shaf t  i n  such  a way tha t  i t  s h o w s  t h e  o b s e r v e r  l o o k i n g  
through the r o t o s c o p e ,  t h o  image of t he  p r o p e l l e r  as i t  would 
appear i f  h e  were l o o k i n g  a l o n g  t h o  b l a d o  f r o m  t h o  shaft. 
Thc r o t o s c o p e  i s  so l o c a t o d ,  w i t h  l e n s e s  i n  f r o n t  o f  i t  o r  
a t  a s u i t a b l e  d i s t a n c e ,  that ono o b s o r v o s  o n l y  t h e  aimor. 
If s e v e r a l  c r o s s  s o c t i o n s  a r o  marked by a w h i t o  l i n o ,  t h e  
Cefo rma t ions  undergone by t h e s e  c r o s s  s e c t i o n s  can  t h e n  be 
o3se rved ,  S i n c e  the v i b r a t i o n s  a r e  g e n e r a l l y  much t o o  r a p i d  
f g r  o b s e r v a t i o n  w i t h  the  naked eye ,  t h e y  a r e  r e c o r d e d  by a 
s p e c i a l  r a p i d  n o t i o n - p i c t u r e  camera. This mothod provod v e r y  
S U C C C S S ~ U ~ ,  though there was d i f f i c u l t y  i n  o b t a i n i . n g  a s t r o n g  
cr,oug'n l i g h t .  V i t h  t h e  a i d  o f  t h e  D.V.L. p h o t o g r a p h i c  sec-  
C ~ O L ,  h o v e v e r ,  t h i s  d i f f i c u l t y  was so far overcome that i t  
USOd.  
L .  
. .  gave s a t i s f a c t o r y  r o s u l t s  w i t h  t h o  rathor s l o w  p r o p o l l o r s  
. I  . 
6. Xosonanco botweon t h e  D i s t u r b i n g  I m p u l s e s  
and t h e  Bending V i b r a t i o n s  
This a r rangement  s e r v e s  t o  shorn whether  t h e  above method 
f o r  c a l c u l a t i n g  the  n a t u r a l  f r e q u e n c y  a g r e e s  w i t h  t h e  f a c t s .  
For t h i s  p u r p o s e  a p r o p e l l e r  w a s  made w i t h  a c r o s s - s e c t i o n a l  
and i n e r t i a  moment as siinplo as p o s s i b l o  f o r  p u r p o s e s  o f  
c a l c u l a t i o n .  Tho e x p e r i m e n t s  show that  t h e  c a l c u l a t i o n  o f  
t h e  n a t u r a l  f roquoncy  o f  r o t a t i n g  b l a d o s  a g r e e s  e x c e l l e n t l y  
w i t h  t h o  c x p o r i m c n t a l  r e s u l t s .  They show, moreover ,  that  
when the d i s t u r b i n g  i m p u l s e s  a r e  i n  r e s o n a n c e  w i t h  the  n a t u r -  
a l  f r e q u e n c y ,  v i b r a t i o n s  o f  l a rge  a m p l i t u d e  r e s u l t ,  which 
f a c t  h a r d l y  needs  c o n f i r m a t i o n ,  however ,  i f  t h o  d e t o r m i n a t i o n  
of  tllo n a t u r a l  f roquoncy  i s  found t o  bo  c o r r o c t .  
I t  has t h e r e f o r e  been  s a t i s f a c t o r i l y  d e m o n s t r a t e d  that  
t h i s  i s  a p o s s i b l e  k i n d  o f  v i b r a t i o n  which p r o b a b l y  p l a y s  an 
i n p o r t a n t  r o l e  i n  p r a c t i c e .  I n  t h e  p r a c t i c a l  a p p l i c a t i o n  of  
t h e s e  r e s u l t s ,  i t  migh t  o f t e n  be q u i t e  d i f f i c u l t  t o  o b t a i n  
j u s t  the  r i g h t  d e g r e e  of r i g i d i t y  t o  a v o i d  t h e  dange r  o f  
r e sonanco ,  S i n c e ,  i n  a d d i t i o n  t o  t h e  v a r i a t i o n s  i n  the f l o w  
w i t h  one o r  two  i m p u l s e s  p e r  r e v o l u t i o n ,  t h c r o  a r e  a l s o  d i s -  
t u r b a n c e s  due t o  t h o  e n g i n e ,  t h o  working  s t r o k o  of  a s i x -  
c y l i n d o r  f o u r - s t r o k c  ong ino ,  cog ,  , g i v o s  t h r o e  impu l ses .  
Accord ing  t o  t h o  c o n s t r u c t i o n  o f  tho a i r p l a n s ,  wo o f t o n  havo 
t o  r eckon  w i t h  s t i l l  o t h e r  v i b r a t i o n a l  f roquc tnc ie s  duo t o  
' , - .  , 
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t h e  d i s t u r b a n c e  of t h e  a i r  s t roam by t h e  s t r u t s ,  e t c .  
7. Resonanco Setwecn Dis tu rbances  and T o r s i o n  
Thcrc a r e  o f t o n  s t i l l  o t h o r  v i b r a t i o n s  which  cannot  b o  
o x p l a i n c d  as boilding v i b r a t i o n s ,  and  t h i s  f u r n f s h e s  t h e  r e a -  
son f o r  i n v o s t i g a t i n g  t h o  p o s s i b i l i t y  of t o r s i o n a l  v i b r a -  
t i o n s ,  In c o n s i d e r a t i o n  of  t h o  f a c t  t h a t  t h e  n a t u r a l  f r o -  
quoncy o f  t l i o s o  v i b r a t i o n s  i s  s o  h i g h  as t o  be a m u l t i p l e  o f  
6 t o  1 5  tines t h e  r o t a t i o n a l  spoed ,  mo a r e  tempted  t o  as- 
sume t h a t  n o  r e sonanco  o c c u r s ,  s i n c e  no such d i s t u r b a n c e  i s  
p robab le .  Evon such h i g h  f r o q u o n c i e s  o c c u r ,  however ,  f o r  
cxam-$lo, i n  t h e  a f€e i .  6ne o f  tandom p ~ o p e l l o r s .  I f  t h i s  
p r o p e l l e r  r e v o l v e s  i n  t h e  d i r e c t i o n  o p p o s i t e  t o  tha t  o f  t h o  
for:wai*d p r o p e l l e r ,  a s  i s  cus tomary ,  and has ' t h e  samo r.p,mOr 
t h e  a f t e r  p r o p e l l e r  e n c o u n t e r s ,  d u r i n g  oach  r e v o l u t i o n ;  
t w i c e  as many v o r t o x  l a y e r s  as t h o  f o r w a r d  p r o p o l l o r ,  i . e B ,  
8 p e r  r e v o l u t i o n  w i t h  a f o u r - b l a d e  p r o p e l l o r .  ThuS a f i e l d  
i s  e:Ltered which must l i e  f a r  boyond t h o  c r i t i c a l  p e r i o d  
f o r  t h e  3 e n d i n g  v i b r a t i o n s ,  bu t  which  has a p o s s i b i l i t y  of  
resoi iance f o r  t o r s i o n a l  v i b r a t i o n s .  P e r h a p s  t h i s  i s  vhy 
such p u s h e r  p r o p e l l e r s  a fZord  s p e c i a l  d i f f i c u l t $ o s .  Ir- t h e  
f i e l d  o f  l a r g o  ;~ : ig los  of a t t a c k ,  t h o r o  a r e  s t i l l  o t h o r  pos -  
s i b i l i t i o s  connoctod  w i t n  t h o  phonomena o f  v o r t o x  f o r m a t i o n ,  4 
8. Another  P o s s i b i l i t y  o f  T o r s i o n a l  V i b r a % i o n s  
Thoro  i s  a i io ther  p o s s i b l e  may i n  which l a r g e  a m p l i t u d e s  
can  be i m p a r t e d  t o  h igh - f r equency  v i 3 r a t i o n s .  I n  t h o  i m -  
pu l so r ,  a c t i i i g  on an a i r c r d t  p r o p e l l e r ,  m o  a r o  n o t  d e a l i i l q  
w i t h  i o r c e s  and momonts which have  a s im>lc  ha rmoz ic  c o u r s e  
l i k e  t h a t  o f  a s implo  s i n e  f u n c t i o n  o f  t h o  t i m o .  I n  a f c n  
c a s e s  t h e  i m p u l s e s  may h a v e  such  a C O I ~ T G O ,  o . c . ,  a p r o p e l l e r  
abovc the wing,  a s  d i s t u r b c d  by t h e  c i r c u l a t i o n  abou t  t h e  
nir ,g,  I n  o t h e r  c a s e s ,  h o w o v e r ,  me have  t o  d e a l  w i t h  b r i e f ,  
impu l s ive  e f f e c t s ;  f o r  ex,-.rxple, when t i le  p r o p e l l o r  b l a d e  
p a s s e s  t h o - d g h  t h e  boundarJ  l a y e r  o f  t h e  wing o r  c l o s e  t o  
t h e  f r o n t  o f  a l a n d i n g - g e a r  s t ru t  o r  t e s t  stco.nd. ' I n  such a 
c a s e ,  the  same phenomenon as i n  r e s o n a n c e ,  naificly, a c o n t i n -  
ua l  i n c r e a s e  i n  t h e  a a p l i t a d e ,  a l w a y s  o c c n r s  where t h e  n a t -  
u ra l  f r e q u e n c y  i s  any int'e:;rM h u l t i p l c  o f  t h e  i n p u l s o  f r e -  
quency. jllhc c a s e  i s  s i n i l n r  t o  t h a t  o f  a s l i n g  which i s  
g i v e n  a p u s h  a t  e v e r y  second o r  t h i r d  sming. D i s r e g a r d i n g  
t h e  damping, c o n t i n u a l l y  i n c r o n s i n g  a m p l i t u d e s  can  t h u s  bc 
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DrodT;lccd, s i n c e  oncrgj.  i s  i q a r t e d  t o  t h o  v i b r a t i n g  s y s t o a  
a t  c v c r y  socond or t 5 i r d  v i b r a t i o n  and nono tcrkon away. 
- -  ..oi-eovqr, i t  i s  o b v i o u s  t h a t  a b r i o f  i m p u l s i v e  d i s t u r b -  
ance  ccn cvcn  t h e n  p r o d u c e  l a r g o  a a p l i t u d c s ,  a l t h o u g h  t h i s  
c o n d i t i o n  i s  n o t  f u l f i l l o d ,  i f  t h e  iDpu l so  i s  s t r o n g  enough, 
IT - --iroTcller i s  thon  s t r u c k  anti c o n t i n u e s  t o  v i b r a t o  u n t i l  
i t  r c c c i v c s  a n o t h o r  impulse .  I t  a y 7 o n r s  that  b o t h  t k c s c  
C ~ C C S  o c c u r  i n  p r a c t i c o  and produce  e x c e s s i v e  s t r e s s e s  i n  
n i  r c~ 2.f t p r o p  o1 l e r  s . 
12 t 3 s  s u r n i s o  i s  c o r r o c t ,  t h e  n h o l e  p rob lem i s  t'rlus 
s k i f f c d  i:i t k e  d i r e c t i o n  t k a t ,  on t h e  one :?and, t h e  d i s -  
txr35::Z ir?-,-.~lses n u s t  be i n v e s t i g a t e d  n i t h  r o s p o c t  t o  t h e i r  
t o n - o r a l  c o u r s e  and t h o  n a g n i t u d e  o f  t h e  f o r c e s  and n o n c n t s  
p ro?xccd  33- the  d i s t u r b i n g  impulsos.  On t h e  o t h e r  'nand, i t  
m o x l d  i e  - c c e s s n r y  t o  de te rmino  f o r  t k o  b l a d e  i t s e l f  t h e  
i r -ncr  d s q i : = - g ,  as l i k o w i s o  t h o  aooun t  of c n e r g y  t h e  c r i rp lznc  
i s  c z p a b l c  o f  n b s o r j i n g .  Next t o  t h e  d o s i r n b l o  i n v o s t i g a -  
t i o l i  o f  t h e  c f f o c t  0 2  t 3 o  canbor on t k o  v i b r a t i o n  c h a r a c t e r -  
i s t i c s ,  these  q u e s t i o n s  a r e  t h c  ~ o s t  i n p o r t a n t .  
9. Sunnary 
- 
~ i l  c o c c l u s i o n ' i t  zlag bo  s a i d  t h a t  D f e n  phononcna o f  
t h i s  k i n d  have  3eal; s a t i s f a c t o r i l y  e x p l a i n e d  and t h a t  s u f f i -  
c i e n t . l g  s i n p l e  an& r e l i a b l e  c r i t e r i a  can 3 e  g i v e n  f o r  avo id -  
i n g  c e r t a i n  k i n d s  o f  v i b r a t i o n .  With i n c r e a s i n g  knowledge, 
however ,  tLe  whole p r o b l e n  becomes n o r o  d i f f i c u l t  and com- 
p r a l o n s i v e .  I n  o r d e r  t o  s o l v o  t h e  p r a c t i c a l l y  in ipo r t an t  
c a s e s  w i t k i n  t'ne n e a r  fu ture ,  i n v o s t i g a t i o n  nust  bo  r c s t r i c t -  
ed t o  8 c S i n i t e  phenomcnz. A f t e r  a g o n e r a l  i d o a  of t h c  prob-  
lac :  h a s  Zcer, g a i n e d ,  t h o  n o s t  i n p o r t a n t  task SCCLIS  t o  con- 
s i s t  i n  t h e  f u r t h e r  dovelopnent  o f  t h o  e x p e r i n c n t a l  i n v e s t i -  
g a t i o n  cctl-,ocls, i n  order t o  bo a b l e  t o  d o t o r n i n o ,  f o r  pro-  
p o l l e r s  ;?hick -lave sliomn v i b r a t i o n s ,  t h o  iiaturo and c a u s e s  
of  t h o  v i b r a t i o n s .  Only i n  t h i s  way d o e s  i t  soen p o s s i b l e  
t o  sa:?- an i n s i g h t  i a t o  t3.o p roblems c o n c e r n i 3 g  which ne can  
ilow o n l y  r e s o r t  t o  s u r n i s e s .  
T r a n s l a t i o n  by >wight  L:. ; I i n e r ,  
ITat ional  Advisory  C o r m i t t e e  
f o r  A e r o n a u t i c s .  
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